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Abstract 

We consider the Cauchy problem for the Hamilton-Jacobi equation with critical 
dissipation, 

djM-I-(—= |Vu|^, xeK^,t>0, mIx, 0) = uolx), x € 

where p > 1 and uq € n i(R^) with r G [l,oo]. We show that for 

sufficiently small mq G B^ there exists a global-in-time mild solution. Further¬ 

more, we prove that the solution behaves asymptotically like suitable multiplies of the 
Poisson kernel. 


1 Introduction 

We consider the Hamilton-Jacobi equation with fractional viscosity, 

J dtu + (—= |Vu|^, X G M^, t > 0, 

\ u{x,0) = uo{x), X G M^, 

where N > 1, dt = d/dt, V = {dxi,--- = d/dxj (j = 1, • • • , A), a G (0,2], 

p > 1 and uq is a nontrivial measurable function in Here the operator (—A)"A^ which 
called the Levy operator, is defined by the Fourier transform A such that 

(-Ar/2/:=^-bbrH/]]- 

In this paper we study the existence of global-in-time solutions to the problem (|l.lj) with 
a = 1, and investigate the asymptotics of solutions. 

The problem (II.ip with a = 2 is the well-known viscous Hamilton-Jacobi (VHJ) equa¬ 
tion. The VHJ equation possesses both mathematical and physical interest. Indeed, in 


I 


mathematical points of view, it is the simplest example of a parabolic PDE with a nonlin¬ 
earity depending only on the hrst order spatial derivatives of u, and it describes a model 
for growing random interfaces, which is known as the Kardar-Parisi-Zhang equation (see 
[201 [23]). On the other hand, the problem (11.11) with a G (0, 2) often appears in the con¬ 
text of mathematical finance as Bellman equations of optimal control of jump diffusion 
processes (see, for example, [g m EZi igiiHi). 

The VHJ equation has been studied in many papers about various topics. For the 
existence and uniqueness of solutions, it is well known that, for any uq G VP^’°°(M'^), the 
problem (11.111 with a = 2 has a unique global-in-time mild solution, i.e., a solution of the 
integral equation 

u{t) = e^^uo + f e*'*“’^^^|Vu(r)|^ dr, t > 0, 

Jo 

where denotes the convolution operator with the heat kernel (see, for example, [21 
HEl I10]h Furthermore, this solution is classical for positive time, and by the maximum 
principle, we see that, if uq > 0, then u > 0, and if uq < 0, then u < 0. ^From this 
property, the nonlinearity |Vu|^ behaves like a source term for nonnegative initial data 
and an absorption term for nonpositive initial data. Similarly to the case of the semilinear 
heat equation dtu — An = A|n|P“^n with A = ±1, the asymptotics of solutions to this 
equation is determined by the balance of effects from the diffusion term An and the one 
from the nonlinearity |Vn|^, and there are many results on the asymptotic behavior of 
solutions. See, for example, m-n, [inittniiM] and the references therein. Among others, 
in [3], Benachour, Karch and Lanrengot proved that, for the case no G L^(R^)nVP^’°°(M'^) 
with no ^ 0, the following hold. 

(i) Assume that no > 0. 


(a) For the case p>2, there exists a limit 

C* := lim / n(x, t) dx = 

t^OO J^N 

such that 

mn ||V^[n(t)-C'*G(t)]||i,(KJV) = 0, gG[l,oo], j = 0,1, (1.3) 

where G{x, t) is the heat kernel. 

(b) For the case p G (pc)2) with pc '■= {N + 2)/(A -|- 1), there exists a positive 
constant e = e{N,p) such that, if 


r POO p 

/ uo{x) dx + / / \\/u{x, t)\P dx dt (1.2) 

Jo Jrn 


then (11.31) holds ture. 

(ii) Assume that no < 0. For any p > pc, (|1.3I) holds true. 
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For the case a G (1,2), Karch and Woyczyhski [19] studied similar topics. They showed 
that, for any ug G the problem (ll.lh with a G (1,2) has a unique global-in¬ 

time mild solution. Furthermore, for the case p > (N-ha)/(N-h 1), they proved that there 
exists a (mild) solution which behaves asymptotically like suitable multiples of the kernel 
of the integral equation. For notions of another weak solutions, Droniou and Imbert |9| 
constructed a unique global-in-time viscosity solution in iy^’°°(M'^) for the case a G (0,2) 
(see also unETj). 

On the other hand, the case a = 1 is completely different from the case a G (1, 2]. In 
fact, for the case a G (0, 2], the semigroup satishes the following decay estimates 

l|V^e“*("^)“^Vlli,9(RA') < qG [l,oo], j = 0,1, 

for all t > 0 (see, for example, m)- For the case a G (1,2], since t is integrable 
locally, we can easily prove the existence of local-in-time mild solutions in 1F^’°°(M^) (see 
na Proposition 3.1]). However, for the case a = 1, since t ^ is not integrable, we need 
to impose the regularity of one order derivative on the solution. In this sense the value 
a = 1 is critical. Similar situation appears in the fractional Burgers equation, 

dtu + udxU + {—dxx)°'^‘^u = 0, x G M, t > 0. (1.4) 

For (|1.4p , the value a = 1 is a threshold for the occurrence of singularity in finite time or the 
global regularity (see [HE]ElET] ). In [16], the first author of this paper studied ()1.4p with 
a = 1, and constructed a small global-in-time mild solution in the Besov space i(l^) 
which is the critical space under the scaling invariance (see also [26]). Furthermore, he 
proved that, for small initial data in L^(M) i(l^), th® corresponding solution behaves 

like the Poisson kernel as t —)■ cx). 

In this paper, modifying the argument in m, we show that there exists a global-in¬ 
time mild solution of the problem (jl.ll) with a = 1 in the critical Besov space. Further¬ 
more, we prove that global-in-time solutions with some suitable decay estimates behave 
asymptotically like suitable multiples of the Poisson kernel. 

We introduce some notations. Throughout this paper we put L := —(—A)^/^ for 
simplicity. Let Pt be the Poisson kernel, that is, 

Pt{x) := P{x/t), X G , t > 0, 


where P is defined by 

P{x) := [e“l«l] (x) = cn{1 + , x G M^, 

and cj\f is a constant chosen so that 


P{x) dx = 1. 


Then, for all t > 0, denotes the convolution operator with Pt, that is, 
[e^^f]{x):=[ Pt{x-y)f{y)dy, xGR^, t > 0, 


(1.5) 


( 1 . 6 ) 
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and / is a measurable function. For q G [l,oo], we denote by || • \\l<i the usual norm 
of := Furthermore, for s € M., q £ [l,oo] and a € (0,oo], we denote by 

II • ll^s and II • lips the usual norm of inhomogeneous and homogeneous Besov spaces 

:= and B^^^ := respectively. (See Section 2 for more precise 

details.) 

Now we are ready to state the main result of this paper. We consider the integral 
equation corresponding to (jl.ip with a = 1, that is, 

u{t) = e*^uo+ f e^*-^^^\Vu{T)\PdT, t > 0, (1.7) 

Jo 

and obtain the following result. 

Theorem 1.1 Let N > 1, p > 1 and r £ [l,c)o]. Assume uq £ B^ ^ for all q £ [r, oo]. 
Then the following hold. 

(i) There exists a positive constant 6 = 6{N,p) such that, if 

llnoll^i <5, (1.8) 

00,1 

then there exists a unique global-in-time solution u of (jl.7j) satisfying 


u £ C'([0,oo),Bq\i) nL^(0,oo;B2 i), 


sup(l + V'^u(t)| < oo, 

t>0 

(1.9) 

/*oo ^ ^ ^ 

/ dt < OO, 

Jo 

(1.10) 


for all q £ [r, oo] and j = 0,1. 


(ii) Let V be a global-in-time solution of (inD satisfying (HH) and (ll.lOF Then for any 
j £ {0,1}, the following hold. 

(a) // 1 < r < oo, then 


||V^[n(t) - e*^uo ]||^5 = 


Oit 


-^{r- 

r '' 


1)) if p>r, 


0{t r (P ^)) if p < r, 


( 1 . 11 ) 


as t ^ oo, for any q £ [r, oo]. 

(b) If r = 1, then the limit C* given in (II.2p exists and 

hm ||V^[n(t) - aPt+i]\\^, = 0, 

t—>oo 


1 < g < oo. 


( 1 . 12 ) 
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Remark 1.1 (i) Let u be a mild solution u of (HU) with a = 1, i.e., solution of (HU). 
For any A > 0, put 


u\{x,t) := X ^u{Xx,Xt), uo,a(^) •= ^ ^wo(Ax). (1-13) 

Then the function u\ is also a solution of (HU with a = 1 and the initial function mo,a 
satisfying 

00,1 00,1 00,1 

where C is a positive constant independent of A. This means that the condition (HU is 
invariant with respect to the similarity transformation (11.131) . This is the reason why we 
say that i is the critical Besov space with respect to (HU- 

(ii) In the assertion (ii) of Theorem 11.11 if we only consider the case j = 0, then we can 
remove the assumption that the solution u satisfies (11.101) . See Section 5. 

(iii) As is seen from our proof, it is possible to replace (jl.lOp with 

t^^~~'i^^^\\u{t )\\^2 ^ dt < oo, 

where 1/p < P < 1. We also note focusing on the linear part that for (5 = 1, the maximal 
regularity estimate and the embedding implies that 

Jo 9-1 "-I 

and one can not expect the time decay with (5 = 1 for initia data in Therefore, the 

expected maximal decay order is given as the case (5 < 1 expect for (5 = 1, and the case 
(5 = 1/p is a sufficient decay to prove the asymptotic behavior. 

(iv) By the embedding B/^^^ •=>■ and (—A)^/^/ € C{R^) for f G the solution 

u in Theorem ll.ll (i) satisfies the problem (jl.ll) in the classical sense. We also see that 
u{t) is in the class for almost every t since u G L^(0, oo; Compared with the 

results 13 HU [27], our framework in the Besov spaces is the one with higher regularity than 
theirs, since their initial data are in W^’°° and solutions are considered in the sense of 
viscosity solutions and B/^ ^ 

(v) In Theorem, ll.ll fiiVfak it is possible to prove that 

lim t^^r~qWj ||v%(i)|L = 0 

t —>-00 '' 

since one can show t^^^ || = o(l) as t =>■ oo for any uq G by the 

density argument due to C . 

This paper is organized as follows. In Section 2, we give the definition of the Besov 
spaces, its properties and estimates for the nonlinearity |Vu|p. We also introduce the 
linear estimates for e*^/ in the Lebesgue spaces and the Besov spaces. Sections 3 and 4 
are devoted to the proof of the assertions (i) and (ii) in Theorem 11.11 respectively. 
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2 Preliminary 


In this section we prove some estimates in the Besov spaces and recall some preliminary 
results on e*^/. In what follows, for any two nonnegative functions /i and /2 on a subset 
D of [0, oo), we say 

h{t) < f2{t), t e D 

if there exists a positive constant C such that /i(t) < Cf 2 {t) for all t £ D. In addition, 
we say 

t£D 


if fi{t) ^ / 2 (f) and / 2 (t) ^ flit) for all t £ D. We denote the function spaces of rapidly 
decreasing functions by and tempered distributions by We define 

by 


Z(M^) := |/ e 


x°‘f{x)dx = 0 for all a £ ({0} U N)'^| 


with the topology of and by the topological dual of We first give 

the definition of the inhomogeneous and homogeneous Besov spaces (see Triebel 129]). 


Definition 2.1 Let cj) £ satisfy 

supp.F[<()] C{C£R^\2-^ <\^\< 2}, = 1 for any ^ £^^ \ {0}, 

Let and 'll! he defined by 

4>jix) ■■= 2^^(l{2^x), ipix) = T~^ 1 (x) 

i>i 

For s G M, q £ [1, 00 ] and a £ (0, 00 ], 'we define the following. 

(i) The inhomogeneous Besov space is defined by 

Bl„ :={u£S\R^) I <cx) }, 

where 

l/a 


b* S'* := 


* u\\li + 




i>i 


* u\\li + sup2-^®||(/)j * u \\ l<i 
I>1 


cr1 

<j * u\\l<i) t if 0 < a < 00, 
if a = 00. 


(ii) The homogeneous Besov space B^^^ is defined by 


Bl, :={u£Z 




where 


^ Rs •— ^ 
q ,(7 




< OO }, 


{ ^ (2^*||(/)^->ku||l9)‘^} if 0 < fj < 00 , 
j& 

sup 2-^*||(/)j * ttlli? if (7 = 00 . 
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Remark 2.1 It is known that Z{W^) C C S'(S.^) C and Z'{W^) ~ 

where is the set of all polynomials, and the homogeneous Besov 

spaces can also be considered as subspaces of the quotient space Then 

we use the following equivalence, which is due to the argument by e.g. Kozono and Ya- 
mazaki [22], for the nonlinear term in a to construct solutions in the homogeneous 
spaces with u{t) € If s < n/q or {s,a) = {n/q,l), then the homogeneous Besov 

space Bq^^ is regarded as 



1^11 




< oo, u 


(jij * u in S'(R^) I. 

jei 


Hence, u G can be regarded as an element ofS'fK^). We also see from the analogous 
argument to theirs that Vtt can be regarded as an element of if u ^ B^ ^ with 

s < 1. This is used for the nonlinear term |Vu|^ when we construct global solutions. 


Next we give some interpolation inequalities in the Besov spaces. 


Lemma 2.1 Let s G M, a,f3 > 0, g G [l,oo] and a G (0,oo]. Then it holds that 


3“ — 

<l,cr 


a+/3 

' s + q; 


B: 


q,oo 


ol+13 

^s-/3 

J-'o.oo 


( 2 . 1 ) 


for all f G Bl+^ H B^J. 

Proof. The estimate (12. ip is known for the case 1 < cj < oo by the result of Machihara- 
Ozawa |25|- The case 0 < cj < 1 follows from the analogous argument to their proof, thus 
the proof is left to readers. □ 

The following proposition is on the equivalence between the norm of the Besov spaces 
defined as above and that by differences (see Triebel |29|). 

Proposition 2.1 Let s > 0, g G [l,oo] and u G (0, oo]. // M G N satisfies M > s, then 
there holds that 

ll/llfl. == { / (M- si>p (2.2) 


for all f G B^^, where Ayf{x) := f{x + y) - f{x) and A^/ := {Ay)^f. 

By using Proposition 12.11 we have the following. 

Lemma 2.2 Let p, s and s satisfy p > 1, 0 < s < min{2,p} and 0 < e < min{l,p — 1}. 
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(2.3) 


Then, for any q £ [1, oo], 


- 

- m 


p-i 

B° 1 

OO , 1 




-< 


+ 


B® . 

00,1 

+ii9iis;‘ )ii/-9iij,. 

-“oo,! ^00.1 9,1 

+\\9\\%^-^\\9\\%r 
1^00,1 ^00,1 1^00,1 ^00,1 


5llij0i, 


if 1<P<2, 


(2.4) 


y +\\9\\%^ 

-°oo,l ^00,1 


l — £ 

dO \\J II r1 
-^00,1 ^00,1 


Ibll^i \\f-9\\B0, 

^00,1 ^ao,\J 9,1 

*/ P > 2, 


for all f,g £ n n B^, D 

In order to prove this lemma, we use the following fundamental inequality. 
Lemma 2.3 Let p > 1. Then, for any A, B,C,D £ M, 


\\A\P - \B\P - {\C\P - \Dn\ 

^ {\\C\P-^ + \D\P-^)\A - B - {C - D)\ 
{\A-Cr^ + \B-D\P-^)\A-B\, 


+ 


if l<p<2, 


(2.5) 


{\A\P-^ + \B\P-^ + \C\P-^ + \D\P-^) {\A -C\ + \C- D\) |A - B\, if p> 2. 



Proof. Let p > 1 and A, B,C,D £ M. It follows from the fundamental theorem of calculus 
that 

\A\P-\B\P- {\C\P-\D\P) 

= \^de\9A + (I - e)B\^ -de\eC+{l- 0)Z)|P}d0 

\eA + {i- e)Bf~^{6A + (1 - e)B) {a - b) 

\9C + (1 - 9)D\^~^{9C + (1 - 9)D) {C - D) |d0 (2.6) 

I + (1 - 9)B\^~^{9A + (I - 9)B) 

- \9C + (1 - 9)D\^~‘^{9C + (1 - 9)D )} (A - 5) 

+ \9C+{1- 9)dY~'^{9C + (I - 9)D) (^A-B - {C - 
Furthermore, we have 

\\E\P-^E-\F\P-^F\<c[^^~^l^ 

' [(|F;|p-2 +|F|p-2)|f;-F|, ifp>2. 


/‘[ 

/o 


d9. 





for any £■, F G M. This together with (12.6|) yields (12.51) . Thus Lemma [231 follows. □ 

Proof of Lemma 12.21 For the proof of (j2..Sj) . we utilize the equivalent norm (j2.2jl of the 
Besov spaces ^ by differences, and it suffices to estimate the following 



In order to estimate Ay\f\P, we apply Lemma [221 Put 


A = f{x + 2y), B = C = f{x + y), 


D = fix), 


and we note that 


A-B = iAyf)ix + y), C-D = (A J)(x), A - B - {C - D) = (A2/)(x). 

In the case 1 < p < 2, by ()2.5I) and the Holder inequality we have 


iiA^i/niL. 

^||/||^-'||A2/||^, + (|||A,/(. + y)ri||^^ + |||A,/ri||^^)||AJb^^ 
^||/||^-'||A2/||^, + ||A,/||^,, 

=: Ii{y) + l2iy). 

On the estimate of Ii, we get 



sup hiy) 
\y\<\v\ 



^ II/IIl- [ (\v\ " sup ||A 2 /||^,)^ 



(2.7) 


( 2 . 8 ) 


On the estimate of I 2 , applying the Holder inequality and the embedding ^ ^ B^ 
we have 



sup hiy) 
\y\<\v\ 




V\ ^ sup \\Ayf\\LP<I 



-< 




^pq,p 



^00,1 



(2.9) 


In the case p > 2, by (12.5p and the Holder inequality again we obtain 


I|aJ/||m ll/IIJ» l|Aj/l|w + ll/IIJ» (l|A,/(- + !,)||„ + ||A,/I|„) 

(l|Aj//(- + 2/)||l29 + \\Ayf\\j^2q) 

= : hiy) + hiy). 
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For the estimate of I 3 , it follows from the same estimate as (12.911 with taking p = 2 for 
\\Ayf\\L 2 g that 



sup h{y) 




( 2 . 11 ) 


Combining (12.7p . (12.81) . (j2.9p . (I2.10p and (12.lip , the estimate (12.3p holds. 

For the proof of (j2.4p . we also utilize the equivalent norm (12.2p of the Besov space 
-®oo 1 by differences, and it suffices to estimate the following 

/ (h- sup ||A,(i/if-i9r)|i„)i^. 

JRN ^ |y|<|r7| 

In order to estimate Ay{\f\P — \g\^), we also apply Lemma [221 Put 

A = f{x + y), B = g{x + y), C = f{x), D = g{x), 

we note that 

A-C={Ayf)ix), B-D = iAyg)ix), A - B - [C - D) = Ay{f - g). 

In the case 1 < p < 2, by (|2.5I) and the Holder inequality we have 

l|A„(|/P- |<(|!')||l, A (ll/liy + ll9lli4)||A,(/-9)||„ 

+ (II A„/Ili;.' + II A,9l|j;‘) 11/ - 9||„ (2.12) 

■hiv) + Mv)- 


On the estimate of Ji, we get 



sup Ji(y) 
\y\<\v\ 





l-J + Ml-J) 


iip-i 


sup ||Ay(/-, 
|y|<l'7l 


LI 


+Il9ll5‘ )ll/-9llfl. 

-Uqo.I ^00,1 9,1 



(2.13) 


On the estimate of J 2 , by (12.11) and the embeddings B^ i ^ ^q,oo (■s = 0) 1) und B^ ^ ^ L”? 
we have 


f \y\ ^ sup J 2 {y)-^ 

Jm \y\<\ri\ \V\ 

^ [ l\v\~^ sup (||Ay/||Loc + ||Aj^ 5 ||ioo)y ^11/ 

JwN V / |?7|" 




p-i 

oo,p—l 


+ II 5 I 


IP-1 

oo,p—1 


1 - 


p-1 


P-1 


)II/-9||l. 

p-1 


p—1 —£ 

B° , 

00 ,1 


^Li 


+ 


+ 


ii^o^ri 

00,1 


1 - 


p-i 


\ P —1'1 

1^" ) }ll/-5ll 

-^00,00 / J 


LI 


Ifii 1 

00 ,1 


\\f -9 \\bo 


9,1 
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(2.14) 











In the case p >2, hy (I2.5|) and the Holder inequality again we obtain 


l|A,(|/r-bni|L. ^ mt-+\\9&\\^y{f-9)\\L^ 

+ mi-J + Ml-J) {W^yfh- + W^ygh-) 11/ - g\\L. (2.15) 

=: Ji{y) + Jsiy). 


For the estimate of J 3 , it follows from (I2.ip and the embeddings ^ ^q,oo (.^ = 0) 1) 
and I ^ that 


sup Jsiy)-^ 

\y\<\v\ \9r 


-< 


p-2 I 

L°° 


s (li/K^ + 


iir^ 

||P-2 

Il°° 

llP-2 


S{||/|I5" +N15" )(ll/ll^.i' ll/lljj, 

^ 00,1 ^ 00,1 ■^ 00,1 00,1 


) [ (\v\ " sup {\\Ayf\\L-o+ \\Ayg\\L--))-^\\f - g\\L^ 

Iblls^ )\\f-g\\Li 

00,1 

+ Ni;jo' llslli, )II/-9 |Ib.,- 

^ 00,1 ^ 00,1 9.1 


(2.16) 


Therefore, (12.41) is obtained by (I2.12p . (I2.13p . (|2.14p . (I2.15P and (12.161) . □ 

The end of this section we recall some results on e*^/. 

Lemma 2.4 [131 US] Let s G M and G [1, 00 ]. 

(i) For j = 0,1, q; > 0, r G [1, g] and a € [1, 00 ], it holds that 

+ (2.17) 




(2.18) 



^r,CT 

(2.19) 

(ii) It holds that 



(2.20) 

(iii) It holds that 


dr 

Jo 


(2.21) 


Lemma 2.5 ([Proposition 3.1]|14]'). For any f G , if 



dx = 0, 


then 


lim ||e*^/||ii = 0. 

r—)-oo 
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3 Existence of global-in-time solutions and Decay estimates 

In this section we prove the assertion (i) of Theorem 11.11 We apply the contraction 
mapping principle in a suitable complete metric space. Let 'l'(rt) be defined by 

'h(rt)(t) := + f dr, (3.1) 

Jo 

and we define the following norms 

u{t)\\jhs+idt, 

9.1 

||ri||y^ := ||tt|U, + oi + f dt. 

with the norm ||tt||ys is defined by the space of all functions u such that 

y -^q 

rt € L°°(0, oo; 1 ) n L^(0, oo; and ||u||ys<oo, 

yj Hi q 

and W with the norm 11 • is also defined by the space of all functions u such that 

u G Xg and ||it||vs < oo- 
y ^q 

Here, let e and A be fixed constants satisfying 

0 < e < min{l,p — 1} and 0 < A < 1, (3.2) 

and we introduce the following metric space X 

X:= {uG x^nx^nx^nxl^ \ ||u||^i < 2C'o||uo||^i for any q G [r,oo], 

' '-*00 

with the metric 

d{u,v) := ||u - > 

where Cq will be taken later. We first show that X is a complete metric space. 

Lemma 3.1 X is a complete metric space. 

Proof. It is easy to see that X is a metric space, then we show the completeness only. 
Let {un} be a Cauchy sequence in X. Since AT^nX^ is complete, there exists u G X^nX^ 
such that Un converges to u in X^ n X^ as n ^ oo. Then we also have 

lim \\4>j * {un{t) — u(t))||Lrp|^oo = 0 for almost every t and j G Z, 

n^oo 

lim / ||(/)j * {un{t) — ^i(^))||I,'■nL°° dt = 0 for any L > 0 and j G Z. 

ti^ooJq 




1X5 - sup 
« t>0 


l|u(i)|| 


B 


9,1 


+ 


12 


There imply that, for any L > 0, 


lim 2^\\4>j * Wn(i)||LmL°° = *u{t)\\L^nL' 

I—)-00 ^ 

mL \j\<L 


lim t <i 

n—)-oo 


for almost every t, and 

rL 


'j*Un{t)\\Li ^ y2 *Un{t)\\L<i 

<L \j\<L 


E 2 ^| 


lim 

n^oo 


IJISi 


'j * WnirJ||L’-nL°° = 


j-L _^ 

dt= I V *M(t)||Lr-nLc 

b1<L 


(it, 


lim / 


dt 

\j\<L 

JO 


L^nL°° 


dt. 


\j\<L 


The terms in right hand side of the above four equalities are bounded uniformly with 
respect to L > 0 since {u„} C X, and they are monotone increasing, so that, they converges 
as L —>■ cx). Then we deduce that u satisfies 

Ikll VI < 2C'o||uo|Ui for any g e [r, oo] and ||u||yA„yA < 2 C'o||uo||oa , 

q 9,1 ’’ oo r,l' ' oo,l 

hence, u ^ X. Therefore the completeness of X follows. □ 

In order to estimate the terms in (13.11) . we prepare the following proposition. 

Proposition 3.1 Let p, q, r, s and A satisfy p>l, l<r<q<oo and ()3.2p . Then 
there holds that 


e 'Woll^i ^ ||j^o||) 


9,1 


^9,1 


f ^)^|Vu(T)|Pcir ^ f||^^||^/||w|lxi, 
Jo LI 

I 




|Vu(t)|^ dr 


J II iip—i|i II 

^ II”IITII”II.y;. 


e ttollyA ^ II^oIIb-*', + II^oIIb^,, (3-3) 

(3.4) 

(3.5) 

f e(‘"^)^|Vu(T)|P(ir ^ ||u||^Y(ll^^llyA + II^IIt>)> (3-6) 

f e(‘"^)^(|Vu(r)|P - |Vu(t)|p) dr ^ (||n||^Y + II^II^Y) ll« - (3-7) 

Remark 3.1 ITe should note that the nonlinear term |Vu(t)|^ is in if u ^ 

Although i(IK'^) is considered as a subspace of \/u{t) is determined indepen¬ 

dently of the choice of representative elements in by Vu(r) G i(l^'^) Remark 
[2Tl hence, Vu(r) G SfR^). We also see |Vu(r)|P G T°°(M^) C SfR^) by B^^^ C L°°. 
In addition the estimate dsai) implies that the term in the left hand side is in L"? i/ n G X. 
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Proof. The linear estimate (j3.3p is verified by the use of (I2.19P and (12.201) . In fact, the 
estimates of ||e*^Mo|| — 1) is obtained by the boundedness of (12.191) and ()2.20p . 

and for the second and third terms in the definition of || • ||yA we also apply (I2.19|) and 
(j2.20p to get 


,)+i ^||e*^Mo||Ri ^ \\uo\\ 


Jo 


9,1 

- o’ Ile^tto||o2 

q 


r, 1 


dt^ [ 

Jo 


cs^uoIIri+a dt ^ lluolloA . 


r, 1 


Then p3.3p is obtained. 

The estimate p3.4p is obtained by applying the boundedness of from to itself, 

the Holder inequality and the embedding B^i L^- Thus we omit the detail. 

To prove the nonlinear estimates (|3.5p . (|3.6I) and (13.7p . we prepare the following non¬ 
linear estimates that, for s = 1, A, 


iiivun 


B: 


^llVuiiy IIVuii^^ 

“oo,l 9,1 1^00,1 9,1 


p-1 


9,1 


(3.8) 


||Vu|P- |Vu|P| 


^1,1 


^ (llVuliy +||Vu||y )||Vu-Vu||^. 

^00.1 ^00,1 9,1 

p—1 ^ 

1 ^ 

00,1 


00,1 


^9,1 


(3.9) 


+ \\u — v\ 


X 


Bl 


|U-u||J^4,X 


9,1 

|P—1 —£ I 

||P-2 


9,1 


le: 

\B'i 


u\r^2 +11^^11^! 


p—1—e I 


00,1 


le: 

1^2 


if 1 < p < 2, 


||P-2 


U\\L" \\u\\%2 

-^00,1 -^00,1 


+ \\v\\).i^ \\v \\%2 ), if P> 2, 

Boo,l -“oo,!/ 


which are obtained by (12.31) . (12.4p and the interpolation inequality in the Besov spaces, 
that is, 


-f Qil 0,1 


^9 “ 


jez 


jez 


On the estimate of P3.5p . by the boundedness of p2.2ip . p3.8p with s = 1 and 

the Holder inequality we have 


,(t-T)C 


\S/u{t)\^ dr 


XI 




ll|Vu(r)|P||^i^^dr 


ip-i 


^ hfi'hWxy 

^^oo y 


Then (|3.5p is obtained. 
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On the estimate of (13.61) . the first norm || • || in the definition of || • can be treated 
in the same way as the proof of (13.51) with (|3.8I) (s = A), thus we omit the estimate on 
II • llj^A to consider the second and third terms only. We put 


i-t/2 rt 

Ki{x,t) := / e^*“'^^'^|Vu(r)|^dr, K 2 {x,t) := / e*'^“'^^'^|Vu(r)|^dr, 

Jo Jt /2 


for all X G and t > 0. On the second term, by ()2.19p and ()3.8I) we have 






ft/2 

/ 

Jo 


— T 


1-^(7-^)-!+^ II l\ 7 .,,/'.^UP| 


|Vu(t)|? 


rA 

^r,l 


dr 


rt/2 


-< 


l«(-7')ll^/ ll«('r)llBA+i dr 

00 ,1 


r,l 


l|P-i 

- "“'I'xi 


^ Ihll^v/lbllyA, t > 0. 


Furthermore, by the boundedness of e*-* and (13.8p we obtain 


^ ^iV(i-i)+l-A 


It/2 


||Vu(t)|p|Li dr 


9,1 


ft 


, II II , Ar(i_i)+i_A| 


u(t )||^2 dr 




j II iiP— 1 || II 

^ I|W|I,V1 Nlk>A, 

-*9 


t > 0. 


On the third norm, by (I2.19p . (I2.20p and p3.8p we have 


f 


< 




Ar(i-i)+l-A 

I ''r q! 




\\Ki{t)\\s2 dt 
9,1 

t/2 


ft/Z 

/ 

Jo 


— T 




e 2 ^|Vu(r)|^ LA+idrdt 


r*oo roQ 


'0 J2t 


i— I 

||e^^|Vu(r)|P||^A+i dtdr ^ / |||Vu(r)|P||^A dr 

’■’i Jn ’’’1 




Yj'- 


(3.10) 


(3.11) 


(3.12) 


(3.13) 
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Furthermore, by (12.201) and (13.8p we obtain 




\\K2{t)\\j^2^dt 




-< 








^ U 


\p-l 


'L°°(0,oo;S^ l) 


+ ^ ^\\u{T)\\j^2^dT 


^ Wufxl^WuWyX. 


(3.14) 


Then, ()3.6p is obtained by ()3.10p . (13.lip . (I3.12F (I3.13P and (I3.14p . 

For the proof of (13.7p . it follows from the boundedness of (|2.21F (13.91) and the 

Holder inequality that, if 1 < p < 2, then 






T)r- 

roo 

/ |||Vu(r)r-|Vu( 

Jo 


TW]dT 

Re dr 




- j ^1^1 (0,cx.;.b1+^) 

+ 11^^ - ^IIloc(o,<x);B® ,)ll^ “ ^IIlT0,oo;B1+") ^ 

^ l) + 11^11^00 (o,oo;B^_,) Hil (0,(X>;S^ i) 

=^(ii“|iE+ii*’iiSj!)|i"-'’ii*s' 


iip-i 


and, if p > 2, then 
(■t 


^ e(*-^)^(|Vu(r)|P-|Vu(T)|P)dr 


- * 11''^ '^W {0,oo-,bI+^) 


+ u — v\ 


L-(0,oo;BJ_F''“ ^llLl(0,oo;Sl+")V"“"i°°(0,oo;S^ l) "L-(0,oo;S^ i) 


|1 —£ 


X u 


11— 


L-(0,oo;S^ ,) ^ H ‘^IIl-(o,oo;S^ li‘^llLl(0,<x);B^ j) 


+ T 


u 
1 —£ 


P-2 


+ T 


IP-2 




Therefore, ()3.7p is obtained and the proof of all estimates is completed. □ 

In what follows, we prove that the solution exists globally in time by applying the 
contraction mapping principle in j£ for initia data uq in H ^ and small in bL, l! 
and that the solutions satisfy the decay estimates (II.9p and (ll.lOp . 


16 


























Proof of existence of global-in-time solutions in XnC'([0,oo),-BL n5^ i). Let 
the constant Cq in the definition of X be a constant which satisfy the all estimates in 
Proposition 13.11 and we assume the initial data satisfies 

uq € n and ||mo|Ib^ ^ (3.15) 

For any rt, n € X, it follows from Proposition 13. II that 


<C'o||«ob= +C'ohll^/||«|lxo 

9 9.1 9 

<Co\\uQ\\^a + Cq{2Cq\\uo\\^i Y ^-2(70111(01158 

q,L 00,1 yil 

< 2(7o||no||58 , 

9il 

ll^(^)llY/ny^ — i + C'o||ii||^^ ||K||yA 

< C'oII^^oIIba + (7o(2(7o||no||5i • 2(7o||uo||5a n^A 

r,l 00,1 00,1 r,l oo,l 


< 2(7o||no|| 






p-i 

< Cq ■ 2(2(7o||no||5i ^) 




■ ||n-n| 




(3.16) 


1„ 

- 2^\'^ ~ '^Wx^nX!^- 


for any s = e, 1. iL is a contraction map from X to itself and the global solution for small 
initial data is obtained in X. Then u{t) = 'I'(n)(t) in 2^'(M'^) for allmost every t, and we 
have to find a fixed point such that the equality u{t) = 'I'(n)(t) holds in 5'(M'^). For this 
purpose, we take a sequence {un} such that 


ui := e^^uo, Un ■■= ^{un-i), n>2. 


The previous contraction argument implies that Un converges to u in n X^. Here, we 
see that T(u„_i)(t) tends to T(u)(t) in L°° as n ^ oo for each t since we have from (13.4j) 


||T(u„_i)(f)||i,oo ^ IIuoIIloo +t||u„_i||L^ , ||T(u)(t)||Loc ^ ||uo||i,°° +i|kllyi , 






e(*-")'^(|Vu„_i(r)r-|Vu(r)|n(iT 


(^WVun-ilYJ + I|Vu(t)||^J^ ||Vun_i(r) - Vu(r)||i,oo(iT 


'XL 


^ / ||Un_i(T) -u(t )||51 dr 


00,1 




[ hn-lY) - \\Un-l{T) - u{T)\\\Y+edT 

^ 00,1 Jq -^ 00,1 -^ 00,1 


B 


P -1 +e 
'1 

OO , 1 


^ Iholl^i t^\\un-i - u\\x^ ^0 as OO. 
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Therefore, Un{t) = '^{un-i){t) is a Cauchy sequence in L°°, so that, there exists v{t) G L°° 
such that Un{t) converges to v{t) in L°° as n ^ oo. It follows from L°° C C 

and the uniqueness of the limit in .Z'(]R^) that Un(t) also converges to v{t) in as 

n ^ oo and v{t) = u{t) in 2''(]R^). Since u{t) G ^ and Vu{t) G by Remark [2Tl 

it holds that Vv{t) = Vu{t) and ^{v){t) = 'k(rt)(t) in S'(R^) for all t. Then taking the 
limit in the topology of on the equation Unit) = for each t, we obtain 

v{t) = T(rt)(t) = "^{v){t) in L°°. 

By lle^^uolli'? < ||ito||L'? and (I3.4p . v satisfies v{t) G T*' fl n L°° n Blo,i = ^r,i ^oo,i- 
Hence, the fixed point u is a solution in j£ D (^([O, oo), i n B)^ 

It remains to show the uniqueness. Let u,v G X satisfies u,v G ^([0, oo), B^^Ci B^ j^), 
u = 'l'(ri) and v = T(u), and we show that u(t) = u(t) in S'{M.^) for all t. The contraction 
property (|3.I6p implies that u(t) = u(t) in B^ I C Since 0 < e < 1, there exists 

a constant c{t) independent of x G such that u{t) = v{t) + c{t) in It follows 

from Vu{t) = Vu(t) in that 

u{t) = e^^uo+ [ e(*-^)^|Vu(T)|Pdr = e‘^uo+ / e(*-^)^|Vu(T)|P dr = u(t) in 

Jo Jo 

Therefore, c(t) = 0 in and the uniqueness follows. □ 

Proof of the decay estimates (|1.9p and (II.IOp . According to the above proof of 
global existence, let 

A = (p-l)/p, (3.17) 

and it is sufficient to show only (11.91) for the solution u satisfying 


ll'“llA:inAi,niAny^ < (3.18) 

since (jl.lOl) is obtained by ||ri||vAnvA < oo. In the case 0 < t < 1, the boundedness in time 
on the norms ||V-^tt(t)||L9 (j = 0,1) is obtained by the Holder inequality, the inequalities 
||^t(i)||L'j ^ II^(OIIbOj) ^ II^(0IIb1jI 8'^'^ (13.181) . so that it suffices to consider 

the case t > 1. We show the estimate with derivative: 

||Vri(t)||L9 ^ (1 +t > 0. (3.19) 


Once (|3.19l) is proved, it is possible to show the decay estimate of ||M(t)||Lq. In fact, by 
(j2.18p and (13.191) we see that 


u{t)\\L<j 
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so that, the decay estimate in is obtained. 

We show ()3.19j) . It follows from (j2.18jl that 


||V'u(t)||L? ^ t 




( ) II Ve(*-")'^|V7r(T)niL. dT. (3.20) 


We hrst consider the case r < oo. By ()2.18p . ()3.17p and (I3.18P we have 

ft/2 ft/2 ^ j 

/ ||Ve^*“^^^|Vu(r)|^||i9 dr ^ / (t — |||Vu(r)|^||i,r dr 

Jo Jo 

rt/2 


■< 


1 1 

Jo 

Jo 


(3.21) 


dr 


t '■r q> 


On the other hand, by (I3.17p . (I3.18p . the bounde dn ess of in and the Holder 

inequality we obtain 

r ||Ve('-")^|Vu(r)|P||r9dT 
Jt/2 

< f ||V|Vu(T)|niL.dr 

Jt/2 

-< [ ll^^(■7■)ll^7^ Il'«('r)lls 2 dr 

Jt/2 

^ hlir.' r (r-f-i+")^>-V-^(^-7)-i+V^(F4)+i-"l 
Jt/2 


(3.22) 


«(7')IIs2i 


dr 




t qJ 


This together with (I3.20p and p3.2ip yields (I3.19P for the case r < oo. 

Next we consider the case r = oo. In this case, the problem is that the integral in 
the third line of ^3.211) diverges as t —>■ oo. Then corresponding estimate to (13.211) is the 
following with taking r = q = oo 

/■i/2 rt/2 

/ ||Ve(*-")^|Vu(r)|P||Loodr ^ wW {(1 + r)-^+^f dr ^ t-Mog(l + t), 

Jo Jo 


and the same estimate as (I3.22h holds. This implies that 


||Vri(t)||Lcx> ^ t ^ log(l + t) 


t > 1. 


By this decay estimate, we can improve the corresponding one to (13.211) as 

ft/2 ft/2 

/ ||Ve(*-^)^|Vu(r)|P||Lcodr ^ fW {(1 + r)-Mog(2 + r)}^dr ^ 

Jo Jo 
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Therefore, we also have the estimate (13.191) for the case r = oo, and the proof of (11.91) is 
completed. □ 


4 Asymptotic behavior 

In this section we prove the assertion (ii) of Theorem 11.11 The proof is based on the 
arguments in [141 Theorem 1.2] and [15] Theorem 1.1] (see, also, |12j). Throughout this 
section we assume that u is a global-in-time solution of (II.7p satisfying (11.91) and (ll.lOp . 

Proof of Theorem 11.11 (ii)-(a). Let r G (l,oo) and q G [r, oo]. By (11.71) . for any 
j G {0,1}, we have 


llV^[n(t)-e‘^uo]llL, 


< 

Vi r e(*-^)^|Vn(r)|^’dT 

+ 

/■i/2 

yi / e(*-^)^|Vn(r)|PdT 


Jt/2 

Li 

Jo 


(4.1) 


1,9 


—: Iij(t) + h,j(t) 

for all t > 0. We first estimate hj. By (II.9p and (I2.18P we obtain 


,(t) < f ||e(‘-")^|Vn(r)rilr.9dr 

Jt/: 


h,oBj S / lie' 

/t/2 

rt 

< 

hji 

Jt/: 


[ I|Vu(t)]|^J||Vu(t)]|l. dr 
Jt/2 


(4.2) 


/t/2 


t>l. 

Furthermore, applying the argument similar to (I3.22P with (11.91) and (ll.lOp . we see that 

/i,i(t)< r |lVe(*-")^lVu(T)nU,dr 
Jt/2 


< 


l|Vn(r)lli-'||V^u(T)]U9dT 


It/2 

rt 


-< 


f ^-(f+i)(p-i),^-/v(i-^)-|^/v(^-|)+^||V2^^^)||^^ (4.3) 

Jt/2 

<t q! V T ' ^ q/ p\\v{t)\\o2 UT 

Jo 

+ t>l. 

Since (p — l)p -|- 1 > p for all p > 1, it follows from (|4.2p and (|4.3p that 
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as t —)• oo, for any j € {0,1}. 

Next we estimate l 2 j. For the case 1 < r < p, by (11.91) and (I2.18h we obtain 

pt/2 

hjit) < / ||V4(*-")'^|Vr;(r)n|i.dT 

Jo 

/■i/2 1 

^ / {t-T)~^^^~^^~^\\\Vv{T)\P\\LldT 

Jo 

/■i/2 

\\\/v{T)\\%dT 

Jo 

:< J (1 + dr 

t>l. 


(4.5) 


For the case r > p, by (II.9p and (I2.18P again we see that 
/■i/2 

/2,i(t)< / ||V/e('-")'^|Vr;(r)|P||L,dT 

Jo 

rill 

< (t-r)"^^-“i^“^|||Vu(T)|P||^r dr 

1 /■V2 

||Vn(r)||^, dr 
do 

Jo 

This together with (14.511 yields 


q) //2j(/) 


0{t r h ^)) if p > r, 
if p < r, 


(4.6) 


as / —>■ oo, for any j G {0,1}. Therefore, substituting ()4.4p and (14.6p into (14.11) . we have 
(jl.lip . and the assertion (ii)-(a) of Theorem 11.11 follows. □ 

Proof of Theorem 11.11 (ii)-(b). Let r = 1. Put 



c{t) := M{uo) + 

[ M{\Vv{T)\P)dT, 

Jo 

(4.7) 

where 

M{f) = 

[ f{x)dx. 

(4.8) 



Jr^ 


Then, by (jl.9p we 

have 




rt2 

rt2 

pt2 

|c(/ 2 ) - c(/i)| = 

: / M(|Vu(r)|?’)dr = 

1 ||Vu(r)||^pdr ^ 

/ (l+r)-^(^’-i)-^’dr 


Jti J 


iil 
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for all t 2 >ti > 0. This implies that there exists the limit C* given by (11.21) such that 


/ v{x,t) 


dx — Cn 


= \c{t)-a\ = 0(t-(^+i)(p-i)) 


(4.9) 


as t ^ oo. Furthermore, (|2.17p and (j4.9p yield 

hm - aPi+ilIlM = lim |c(t) - a| = 0 (4.10) 

t^oo t—>-oo 

for all q G [1, oo] and j = 0,1. Put 

w{x,t) := [e^^UQ]{x) - M(uo)Pt+i(x) (4.11) 

for all {x,t) G X (0, oo). Since it follows from the semigroup property of Pt that 


[e*^Pi](x) = Pt+i{x), 


(4.12) 


we have 


w{x,t) = [e^‘~w{^)\{x). 

On the other hand, by (II.5p . (14.81) and (|4.1ip we obtain 

/ w{x, 0) dx = 0. 

Jrn 

Therefore, applying Lemma 12.51 with the aid of (I2.18j) . we see that 

lim ||V-^tc(t)||L9 = lim ||V-^e*^rt;(0)|| 


t—>-oo 


t^OO 


:< hm ||e2'^t(;(0)||ii =0 

t^OO 

for all q G [1, oo] and j = 0,1. 

Let 

F{x,t) := \Vv{x,t)\P - M{\Vv{t)n Pt+i{x). 
Then, by (II.5p and (14.81) we have 

/ F{x,t)dx = 0, t>0. 

Jw.^ 

Since it follows from (I4.12p and ()4.14p that 


(4.13) 


(4.14) 

(4.15) 


/ 




Pt+i{x) 


'|Vu(r)|^dT— f M{\Vv{t)\^) dr. 

Jo 

= [ {\Vv{t)\p - M{\Vv{T)\P)Pr+i} dr = [ e(‘-^)^F(r) dr, 

Jo Jo 

by (II.7p . (14.7p and (14.lip we see that 
v{x,t) - c{t)Pt+iix) 


= e^^UQ + f eJ-P^\Vv{r)\P dr - 

Jo 

= w{xp)+ [ e^^-P^F{T)dT. 

Jo 


M(uo)+ / M{\Vv{t)\^) dr 

Jo 


Pt+i{x) 
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This together with (14.101) and (I4.13P implies that 

r—)-oo 

= hm - c(t)Pt+i]||i. + hm - C,Pt+i] 


t —>00 


t—^oo 


\Li 


= lim 


t—>-oo 


Vi [ dr 

Jo 


Li 


Therefore, in order to obtain ()1.12p . it suffices to prove 

ft 


lim 1 '^^^ 

t^OO 


yj / 

Jo 


= 0 . 


Li 


For any j € {0,1}, put 


Jij{t)-.= dr, 

Jt/2 

ft/2 

J2,j{t):=j^ V^e('-")'^F(r)dr, 

JsAt) ■■= r V^e(*-")^F(r) dr, 

Jo 


for t>2L, where L > 1. Since it follows from pi.lOp . p2.17D and p4.14p that 


t>o 


by (12.1811 we have 

Jt/2 

as t —>■ 00 . Furthermore, by pi.Op . p2.17p and (14.41) we obtain 

hAt)+ f M(|Vn(r)n||VP,+i||r,dr 
Jt/2 

^t^(i"^)+i/i,i(t)+ r dr 

Jt/2 

^ + i-(Af+l)(p-l) ^ 

as t —^ 00 . Moreover, by (12.181) and p4.17p we have 

r 


- r)-^('-5)-^||F(r)||ii dr 


/■t/2 

/ ||F(r)||iidr ^ / ' ^ i,-(A^+i)(p-i) 

Jl Jl 


tt/2 


< 


(4.16) 


(4.17) 


(4.18) 


(4.19) 


(4.20) 
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for all sufficiently large t. Similarly, we see that 


Jo 

r-L 


< 


f 


(t — r) /I 

e~^^^F{T) 


(t — r) r> r 

V^e—^e—^F{T) 
dr 


LI 


dr 


(4.21) 


Li 


for all t > 2L. On the other hand, for any L > 0, it follows from Lemma 12.51 with (|4.15l) 
that 

lim F^~^^F{t) = 0 (4.22) 

t—>-oo '' 

for all s G (0, L). Furthermore, by ()2.18l) we have 


Li 


sup 

t>2L 


e^%"’^F(r) < \\F{t)\\li. 


(4.23) 


Then, applying the Lebesgue dominated convergence theorem with (j4.22p and (j4.23ji to 
(j4.2ip . we obtain 

jim J3,i(i)||L9 = 0. (4.24) 


>oo 


Therefore, by (|4.18p . (|4.19p . (|4.2Up and (I4.24p we see that 


lim sup 

t—^OO 





for some constant Ci independent of L. Therefore, since L is arbitrary, by p > 1 we have 
p4.16p , and the proof of the assertion (ii)-(b) of Theorem II.II is complete. □ 
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